Optimal Monetary Policy in HANK *

Danila Smirnov

June 2023

Abstract

I study the optimal monetary policy in a New Keynesian model with heterogeneous house-
holds. The Ramsey planner maximizes aggregate welfare in an economy with rich hetero-
geneity in the income distribution, as well as a wealth distribution that features an occasion-
ally binding borrowing constraint. I show that heterogeneity qualitatively changes optimal
monetary policy relative to the representative agent economy. I highlight that the impor-
tance of the novel incentive of the optimal policy in this setting comes from counteracting
the increase of hand-to-mouth households in recessions. The mechanism acts through mit-
igating unequal exposure of households to an aggregate shock, hence the effect is partially

present even in the absence of this incentive.
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1 Introduction

The normative analysis of the monetary policy was first done in a representative agent frame-
work.! The recent rise of attention to inequality has called for a potential reevaluation of the
standard price stability prescription. Various approaches were used to identify two main dimen-
sions of heterogeneity that affect the optimal monetary policy:? First, the idiosyncratic income
risk that leads to cyclical inequality. Second, the binding borrowing constraint that leads to
the hand-to-mouth behavior of some households. Both channels call for an optimal monetary
policy that departs from strict inflation targeting and sacrifices some of the efficiency in favor of
redistribution towards poor or constrained households. The price stability is no longer optimal
and monetary authority should be less responsive in adjusting interest rates, allowing for some
price volatility.

The majority of this literature was following the common approach of limiting heterogeneity
in order to retain analytical tractability. Various simplifying assumptions were utilized: two
types of households in fixed proportion, no idiosyncratic risk, or a degenerate distribution of
households. Furthermore, recent advancements in numerical solution methods allowed to ana-
lyze the optimal monetary policy in models with rich household heterogeneity, and to consider
several of the identified channels jointly. Nevertheless, only a few papers exist in this literature
and their main focus is on the idiosyncratic risk channel, abstracting from the importance of
hand-to-mouth households.

In this paper, following the insights from the ”reduced form heterogeneity” literature, I
consider a model with nominal price rigidities and rich household heterogeneity that features
both the idiosyncratic risk and the occasionally binding borrowing constraint. This latter
element implies that, in response to aggregate shocks, the fraction of hand-to-mouth households
varies endogenously. Jointly studying both types of heterogeneity allows me to identify a novel
channel in the optimal monetary policy that amplifies the differences with respect to the price
stability policy derived in the representative agent framework. Amplification comes from the
new incentive to reduce this fraction in order to relax the pressure on poor households following
a negative aggregate shock.

I consider an Aiyagari-Huggett-Imrohoroglu incomplete market economy, where households
have idiosyncratic labor productivity that drives heterogeneity in individual wealth distribution
as well as consumption, labor, and saving decisions. Binding borrowing constraints imply that
the bigger the households’ debt level, the higher the marginal propensity to consume (MPC).
When an exogenous aggregate shock hits the economy, it affects agents differently, depending
on their income composition as well as on the nature of the shock. Crucially, households use
the credit market to counteract temporary changes in income and to smooth consumption.

Those closer or at the borrowing constraint suffer the most since no other mechanism exists for

!See Clarida et al. (1999), Woodford (2003), Gali (2015).
2See Galf et al. (2004), Bilbiie (2008), Acharya et al. (2021), Nisticé (2016), Le Grand et al. (2021), Bhandari
et al. (2021) and a more in-depth discussion in Related Literature section.



intertemporal substitution. The Ramsey planner solves a fully-nonlinear optimization problem
in response to unanticipated aggregate shocks.

Constrained households behave in the hand-to-mouth fashion, which means that their con-
sumption is equal to their income. For them, a decline in income caused by an aggregate
shock directly translates in a reduction in consumption, disproportionally lowering their utility
compared to other households. Previous literature has identified that mitigating this margin
calls for partial redistribution, which is achieved by stabilizing the level of output as opposed
to stabilizing the level of prices. I show that, if the same negative aggregate shock hits an
economy where the fraction of constrained households can vary endogenously, then the share of
hand-to-mouth households will increase, calling for even more redistribution.

I calibrate the model to the US economy and validate the calibration by comparing the het-
erogeneous effects of the monetary policy shock in the model with findings from the empirical
literature. I show that an increased importance of the redistribution in light of the new motive
that comes from incorporating the occasionally binding borrowing constraint implies substan-
tial quantitative implications for the optimal monetary policy. Specifically, when considering
the response of the interest rates to aggregate shocks, the difference between representative
and heterogeneous agent frameworks increases by extra 10% to 25%. I illustrate this idea by
considering the model specifications representing two alternative ways to characterize hetero-
geneity in this class of models. Namely, the setting of the two-agent model as in Bilbiie (2008)
and the setting absent of the occasionally bonding borrowing constraint as in Bhandari et al.
(2021). The mechanism of the optimal monetary policy is always acting through the unequal
exposure of households to the monetary policy. Poor households pay interest on debt and rely
more on labor income, whereas rich households receive interest on savings and a higher share of
firm profits. In response to any aggregate shock that increases inequality, the Ramsey planner
has less of an incentive for redistribution in models lacking the varying fraction of constrained
households. Hence, the difference with the representative agent model is not as significant as
in my model.

Rich heterogeneity and the necessity for a fully nonlinear solution of the dynamic general
equilibrium Ramsey problem is a well-known bottleneck in this class of models. I overcome this
complication by using a relatively new continuous time approach, as in Kaplan et al. (2018).
Combining the analytical part of the solution with the method of first differences allows me to
substantially decrease the complexity of the problem and perform the numerical calculations
much faster. This method can solve the model very fast without relying on perturbation methods
both in the steady state and in the dynamic response to unexpected transitory shocks. I use
the optimal control in a dynamic programming setting to solve the optimal policy problem, as
in Nuno and Thomas (2022), who nevertheless applied it to a closed economy case. The idea of
the method is to use the Lagrangian formulation of the problem in the infinite-horizon setting
to find the optimal path for the control variables. I contribute to this literature by developing

the calculus of variations solution approach that allows tackling the Ramsey problem in a model



with an occasionally binding borrowing constraint.

The rest of the paper is organized as follows: In section 2, I give a more in-depth literature
review; in section 3, I describe the model setup; in section 4, I show the Ramsey problem
formulation and solution approach; in section 5, I present the results of the calibrated model;

and finally section 6 concludes.

2 Related literature

Core of the New Keynesian (NK) literature results as in Clarida et al. (1999), Woodford (2003)
and Gali (2015) rely on the assumption of a representative household. Relaxing this assumption
was one of the departing points for the recent literature that focused on the model with het-
erogeneous agents. The addition of various dimensions of heterogeneity can prove to have new
valuable insights. However, the main complication restricting advancements in this field was the
complexity of such models. Some authors chose to study the models with reduced heterogeneity
to avoid numerically heavy solutions and retain the relative simplicity of the analysis.

The crucial dimension of heterogeneity that extended RA models was the introduction of a
constant fraction of constrained households, first proposed by Mankiw (2000) to analyze fiscal
policy. Later Gali et al. (2004) and Bilbiie (2008) brought this feature into the NK model.
These papers show that the presence of constrained agents significantly changes the response of
aggregate variables to shocks, the propagation of monetary policy, and the optimal monetary
policy under discretion.

Such reduced form modeling of limited asset market participation is beneficial for clarity
of analysis, but possibly losing in realism to models with a richer distribution of income and
wealth, as in Bewley (1983), Huggett (1993), and Aiyagari (1994) one-asset models. Addressing
this concern Debortoli and Gali (2017) illustrated that approximating heterogeneity in the
two-agent New Keynesian model (TANK) is not detrimental compared to the models with the
complete distribution of heterogeneous agents and nominal rigidities (HANK) for the analysis
of monetary policy shocks. In this paper, I show that even though it holds for the propagation
of a given policy, the implications for the optimal policy are drastically different.

Extending this class of models Nisticé (2016) introduced transition probability between
constrained and unconstrained states. Taking a similar approach, Bilbiie (2019) and Bilbiie
(2020) showed the importance of the cyclicality of inequality in an analytical-l HANK (a-HANK)
model that features two types of households with constant shares, but allows them to switch
between the types stochastically. Specifically, the degree to which an income of constrained
households moves with respect to aggregate income influences critical predictions of the model.
Bilbiie and Ragot (2021) further extends the model by introducing liquidity in the form of
money. A working paper by Bilbiie et al. (2020) discusses how the optimal combination of
monetary and fiscal policy depends on the cyclicality of inequality relative to the progressivity

of the tax. As discussed in these papers, the cyclicality of income inequality plays a crucial role



in the behavior of the NK model. Following this literature, I consider the specification of the
HANK model with countercyclical inequality.

In the class of two-agent models Challe (2020) can be seen as closely related to my paper
because the fraction of constrained households is endogenous and varies with the business cycle.
Employment status determines if an agent is constrained or not. Since the fraction of unem-
ployed agents depends on the state of the economy, it opens the door for the monetary policy
to affect this margin. The model setup differs from mine since the MPC depends directly on
employment without accounting for the wealth effect. Moreover, the income structure is simpler
when compared to my model, which makes the optimal policy implications differ from mine.
Notably, the idea of policy instruments affecting the share of constrained households plays a
crucial role in the outcome of the optimal policy analysis, which is directly related to my idea.

Taking a different approach for attaining analytical tractability Acharya and Dogra (2020)
study a Pseudo-RANK model, where the heterogeneity of MPC is omitted, but income risk and
precautionary savings are preserved. Acharya et al. (2021) analyze the optimal monetary policy
in this setting. Authors show that in the calibration where idiosyncratic income volatility goes
up in recessions, to reduce the impact on inequality caused by different exposure to risk, the
target criteria should have a higher weight on stabilizing output and smaller weights on output
gap and price level stabilization. In line with this literature, I also find that in my richer HANK
model, the optimal policy implies a more stable output response with respect to the RANK
model.

An alternative approach was used by Le Grand and Ragot (2022), where heterogeneity
is restricted by limited history dependencies, which helps to simplify the numerical solution
process. The paper studies the optimal unemployment policy over the business cycle. In the
context of my paper, the occasionally binding credit constraint that the authors introduce does
depend on the aggregate productivity level, so the fraction of constrained agents changes. At
the same time, because this transition process is exogenous, the feedback loop from policy to
the fraction of constrained agents is missing. Le Grand et al. (2021) are applying the limited
history dependence method in a rich HANK setting to show how the combination of monetary
and fiscal policies should react to shocks in the economy. The main focus of their paper is
showing that monetary policy has no scope for redistribution in the presence of time-varying
taxes on labor and capital, as well as highlighting the difference between the timeless and time-0
approach. In contrast, my paper focuses solely on the monetary policy, keeping taxes fixed, and
analyses the benefits of reducing the burden of credit constraint by utilizing monetary policy
exclusively.

One of the new powerful methods of solving the HANK model involves the approximation
around the equilibrium path as shown by Bhandari et al. (2021). These authors study monetary
and fiscal policy and find that the Ramsey planner has a strong motive to increase the inflation
and labor tax in the short run to redistribute labor income. Higher inflation leads to lower div-

idend payments and partially reduces the inequality caused by differential income from equity.



Importantly, this holds under the assumption of no binding borrowing constraint, or a constant
fraction of constrained households, similar to the TANK literature. I show that in my setting,
the model with a natural borrowing limit, as in Bhandari et al. (2021), has significantly lower
implications for redistribution when compared to my baseline calibration.

A different approach is taken by McKay and Wolf (2022) where the idea is to capture the
incentive of the monetary authority to change its policy in the presence of the heterogeneous
agents by finding the weight on the additional term in the quadratic welfare function that
captures the change in consumption dispersion. On the one hand, the advantage of this method
is in the relative computational simplicity of determining the optimal policy in the presence of
heterogeneous agents. On the other hand, and because of the linear approximation, capturing
the feedback effect from policy to the fraction of constrained households is impossible.

The solution method that I use in this work makes use of the continuous-time formulation
of the New Keynesian model. This approach was developed in works by Kaplan and Violante
(2014), Kaplan et al. (2018). In this recent work, authors build the HANK model with two
assets to study the effect of an exogenous monetary policy shock on the distribution. They
find that in the setting with liquid and illiquid assets, the effect of monetary policy shock on
the aggregate outcomes is explained by the indirect effects acting through the distribution of
households with varying MPC. This channel outweighs the direct effect that dominates the
representative household model.

I build on the method for finding the optimal policy in continuous time models proposed
by Dixit and Pindyck (1994) and further developed by Nurnio (2017) to calculate the optimal
monetary policy in the heterogeneous agents continuous-time model. This method relies on
deriving the Lagrangian associated with the optimization problem and calculating its partial
derivatives using the calculus of variations. It was used in Nuno and Thomas (2022) in a setting
with a small open economy to derive the optimal policy. There was no effect of the changing
wealth distribution on aggregate variables, which limited the implications. However, as I will
show in this work, the same method can be used in a more complicated setting.

In the recent working paper by Gonzdalez et al. (2022), authors use the method in a New
Keynesian model with heterogeneous firms and show how the optimal policy problem can be
solved using Dynare. Their solution does not account for the possibility of constraints within
the distribution of heterogeneous agents (firms in their case). A similar approach is taken by
Davila and Schaab (2022). The authors analyze the optimal monetary policy in the HANK
setting. As in Gonzélez et al. (2022), before solving the Ramsey problem, authors discretize it
to show how to properly take into account the borrowing constraint faced by the households.
Dévila and Schaab (2022) call this procedure the ”primal approach” and apply it to use the
solution method with the sequence-space Jacobians. Compared to my method, I don’t rely on
a discretization, as all the properties are derived directly in the continuous time formulation of
the Ramsey problem. Avoiding constraints on the numerical tools used to solve the differential

equations is an advantage of my approach.



Moreover, the focus of this paper is different, highlighting the importance of the feedback
loop from the policy to the fraction of constrained households. I argue that the HANK model
with an occasionally binding borrowing constraint has significantly different policy implica-
tions compared to the models previously used in the literature. This comparative analysis also

distinguishes my work from D&vila and Schaab (2022).

3 Model

In this section, I introduce the model used in the subsequent analysis. It is a standard New
Keynesian model in continuous time?® with monopolistic competition in the intermediate goods
market with sticky prices and no aggregate uncertainty. The economy’s supply side and the
government block are kept at a bare minimum to keep the model as tractable as possible. The
household block is the one that has most of the complexity and the one that crucially affects
the way the optimal monetary policy is conducted. Households decide on their consumption,
labor supply, and investment in nominal bonds, given the aggregate values in the economy,
household-specific productivity, and bond holdings of this household. This decision is subject
to the resource constraint, and the binding borrowing constraint. Below I describe the model

in more detail.

3.1 Household side

There is a continuum of infinitely-lived households indexed by ¢ € [0, 1] that have a unit mass
and differ in their bond holdings, labor productivity, and equity shares. All households have
the same discounting factor p. They maximize their expected utility over the infinite lifetime
span subject to the budget constraint, choosing a consumption path, a labor supply path, and

a bond investment path. Households face a borrowing constraint b;; > b < 0
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Where b;; are bond holdings that are priced in nominal terms, thus their value depreciates at

an inflation rate?. Real interest rate equals nominal interest rate less inflation rf = 1y — .

I follow the standard assumption in the literature that the borrowing constraint is constant

3Using continuous time allows to simplify some of the calculations, such as deriving the law of motion for the
households distribution. Also, it increases the efficiency of the optimal policy derivation. More on the advantages
of continuous time approach later.

“In the rest of the paper, I treat all the variables in real terms. This also can be seen as the central bank
effectively controlling the real rate directly, which lets me omit the step with the Fischer equation for simplicity
of exposition. This simplification does not affect the indeterminacy of price level in the model and still calls for
the central bank policy to determine the equilibrium.



across households and time®

. Presence of the binding borrowing constraint is going to play a
crucial role in the analysis of the Ramsey problem solution. One of the margins of the optimal
monetary policy will be to relax this constraint, to allow more households to take an advantage
of financial markets to smooth their consumption path in response to aggregate shocks.

The idiosyncratic productivity level €;; is the exponent of e;; that follows the Ornstein-
Uhlenbeck process with zero mean, a mean-reversion parameter p., and a Wiener process dW. ; ;

multiplied by a parameter for the standard deviation of the shock o,
i = explei}; dejy = —peeipdt + oedWe iy (4)

Households receive a labor subsidy A that cancels the inefficiency associated with monopolistic
competition and implies a negative lump-sum transfer 7} to balance the government budget that
finances the labor subsidy. Finally, households receive dividends from firms that are distributed
proportionally to the household productivity level.

A distribution of households over the space of bond holdings and productivity levels is
denoted by f;. This distribution is a two-dimensional object that is constant in the steady
state, or follows a deterministic path in transition, due to the law of large numbers. Notably,
the evolution associated with the idiosyncratic shock is determined exogenously by the law
of motion of the Ornstein-Uhlenbeck process. In contrast, the evolution of bond holdings is
determined by the optimizing behavior of households.

The Hamilton-Jacobi-Bellman (HJB) equation for the household problem takes the following

form
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Where the first two terms represent an instantaneous utility, the third term governs the change
of the value function because of the change of bond holdings, the following two terms correspond
to the change associated with the stochastic labor productivity process, and the last term is
capturing changes associated with aggregate variables movements.

Solving this maximization problem for the optimal value of consumption and labor, and
combining it with the HJB equation, I get optimality conditions for the household problem

in a form of the partial differential equation, which is a standard step in the continuous-time

5A model with an endogenous bank’s decision on the borrowing constraint can have different implications.
Finding if the borrowing limit that depends on the economy’s aggregate state is a significant margin or not, [
leave it for future research.

5T also check that results are robust to the model specification with the lump-sum distribution of dividends.



literature.”
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Where A;; is an infinitesimal generator of process V;;, that captures changes in the value
function due to the evolution of household-specific state variables €;; and b; ;
8V 81/” O'g 82Vi t
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3.2 Fokker—Planck / Kolmogorov forward equation

The law of motion of the joint distribution of bond holdings and labor productivities can be

characterized by Fokker—Planck or Kolmogorov forward equation

of; 0
;t’t =~ % [(Athi,t&',t + digis + Ty +10biy — Ci,t) fi,t:| + (11)
0 0? o? .
+ e [6,tpe€it fit] + 922 |:5i,t2€fi,t:| = A, fit (12)

Notice that conceptually an evolution of the distribution should be tightly linked to the house-
hold problem. Borrowing/saving decisions of households change the distribution of bonds in
the economy. For a given borrowing/saving decision on the space of labor productivity and
bond holdings, there is a unique distribution of households that stays constant. For a given
distribution, borrowing/saving decisions determine its evolution.

Mathematically speaking, a law of motion of the household value function adjoins a law of
motion of distribution. See Appendix for the analytical derivation of this fact in the setting of
my model. For the standard Aiyagari-Bewley—Huggett model, see the paper by Achdou et al.
(2021).

3.3 Supply side

The final good is produced by competitive firms that use the continuum of intermediate goods
in the production process. A single producer supplies each intermediate good. Intermediate
producers have a unit mass and are indexed by j € [0, 1]. The production function of the final

good producers has a CES structure with ¢; determining the price elasticity of demand for the

"See paper by Achdou et al. (2021) for the extensive explanation of the solution method of consumption-saving
problem in continuous time.



intermediate goods y; ;.

1 ¢p—1 %
Y, = < | wr dj) (13)
0

Producers of the final good are competitive and take both the price P; of the final good and
the prices of intermediate goods p;; as given. Thus they maximize the following expression,

subject to the production function above

1
max PY; — / DY dj (14)
{yj,t}je[o,l] 0

The outcome of the profit maximization is a demand function

Dyt B4
R ] Y, 15
Yt ( P, > ¢ (15)

Zero profit condition arises from the assumption of CES demand for intermediate goods and

perfect competition in the final good market. This condition, together with the previous opti-

1
1 1—¢y
P = ( /O p},;@dj) (16)

Having derived the demand function facing the intermediate producers, we can now turn to

mization result, yields:

their problem. These producers are monopolists with a linear production function that is the
same for all j € [0,1]. For simplicity, I assume that a given firm j in its production process uses

only labor n;; as input and features linear production technology.
Yjt = Oimj (17)

The aggregate productivity level 6; is common across all firms and equals 1 in the steady state.
When the TFP shock arrives, 8; temporarily deviates from the steady state level with gradual
convergence back to the original level.

Intermediate goods producers set prices optimally given the demand functions from the final

good producers, and competing monopolistically. Thus the j-th firm maximization problem is

¢
0 — [rbd . S\ bt N
max / e ({T ! <p]t - mt) (p]’t> Y, — ¥ (pﬂ,t> Y,
0 = P; 2 Djt

{Bjt}e
Wi . : . : . : :
my = o is the real marginal cost of production, with W; denoting the real wage at time period
t

t
t and — [ r2dr is the discount factor®.
0

dt (18)

8Notice, that the firms’ discounting factor is equal to the return on the bonds market. This relies on the

10



For a firm j at time ¢ the value function is denoted by J;;. The Hamilton-Jacobi-Bellman

equation for the above problem has the following form

— bt : 2
b Pjt Pjt Y (Dt NN
r; Ji: = max —-m Yi—— (=) Yi+pii— +— 19
P <Pt t) (Pt> ‘2 ( j,t> Ty T ot =
Taking derivative with respect to inflation 7;; = % (maximization problem) and price p;;

(using the Envelope theorem) and using the symmetry of solutions of all firms in the equilibrium

I get the Phillips curve that links inflation with the markup gap in the economy

(r,’; — }}2) = ¢t1; 1 <¢t¢_t Sy — 1) T 7 (20)

Moreover, I assume that intermediate firms are owned by a fund that distributes profits among

all the households in the economy, proportional to their labor productivity®. Since both inter-
mediate firms as well as households have unit masses, dividends that go to households divided

by the average labor productivity are equal to firms’ aggregate profits

Dy = (1 - 72%3) Y; — W N, (21)

Finally, total output is equal to the representative firm output in the symmetric equilibrium

also because of the unit mass of firms and because they are identical. This means as well that

the labor demand of each firm is equal to the aggregate labor demand n;; = Ny
Yi =yt = Onj = 0Ny (22)

3.4 Markets clearing

In addition to the supply side and the household side, there is also the government that only
provides the labor subsidy, as mentioned before. The subsidy A to workers is such that it cancels
out the inefficiency created by the monopolistic competition of intermediate goods producers.

The government runs a balanced budget and provides the lump-sum transfer T°

Ti = — (L = NWiliseir, fir) = — /(1 — MWilis&itfirdi

i
Where (-,-) stands for the integration over the distribution, see a more detailed explanation in
Appendix. There are no additional redistributions done by the government apart from the one

described above.

assumption that firms are owned by the mutual fund.
°T also check that results are robust to the alternative assumption of the lump-sum distribution of profits.
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In the equilibrium the bond market clears to a zero aggregate bond supply.

(bits fir) =0
The labor market clears with a wage W; so that a labor demand equals to an effective labor
supply

Y,

=M= (€itlits fit)
t

Dividends paid to households are equal to profits of intermediate firms
ey L o
<dt€z,ta fz,t> = 1- 57% Y, - Wy <lz,t<€z,t7 fz,t>

Which implies

dy = [<1 - 7’571‘?) Yy — Wi (liseig, fi,t)]

™| =

Where € = (g;4, fi+) is an average labor productivity.
Finally, the last equation that determines the equilibrium is the goods market clearing

condition

Ct: <1—157Tt)yt

Notice that one equation is still missing for the determinacy of the equilibrium. This is the
equation that defines a monetary policy. Since the policy has to be optimal, it is determined

by optimality conditions of the Ramsey planner problem discussed in the next section.

4 Ramsey problem

I study a transition path under the full commitment Ramsey optimal policy in response to the
one-time, unanticipated, transitory aggregate shock. The Ramsey problem is a maximization

of the utilitarian value function subject to all equations that define the competitive equilibrium

A 1+
Vi max Eo [ et | 2 i i pdtdi 23
7 f,Vc,l,WYMb/ 0/ <1_V T it (23)
s.t. {competitive equilibrium equations} (24)

Because of the law of large numbers and no aggregate uncertainty, the expectation can
be simplified. I solve the Ramsey optimal monetary policy by the Lagrangian method. The
difficulty in this application is that all objects with respect to which derivatives have to be taken

are functions, not variables. Partially this is because of the combination of transition dynamics

12



with a continuous-time approach. Taking a derivative with respect to a control variable is done
not period-by-period as in a discrete time approach but rather on all path simultaneously. This
is not a real complication because, conceptually, it is identical to a discrete time method, and
intuitions follow the same logic.!? At the same time, some objects are functions even within one
period. For example, the distribution of households is a two-dimensional object at every instant
of time, which means that a different approach to taking derivatives has to be pursued.!!

Nurnio and Thomas (2022) proposed a method for obtaining the Ramsey policy in continuous
time with heterogeneous agents. Their method involves writing the social planner problem in a
form of Lagrangian and taking Gateaux derivatives with respect to state variables. In this paper,
I slightly change the methodology using Calculus of Variations instead of Gateaux differentials.
On the one hand, the method is very similar in logic, so main results are unchanged. On the other
hand, using the calculus of variations is much better suited for analyzing the problem’s behavior
at the boundary constraints. It can be done with Gateaux differentials in most straightforward
cases, but as soon as constraints’ conditions are more complex, which is the case for the binding
borrowing constraint, it cannot be used conveniently.

A simple intuition behind the advantage of using the calculus of variation in this problem
is in restricting the space of policy functions within which the Ramsey planner has to search
for the optimal policy. Careful consideration of the binding borrowing constraint when solving
for the optimal policy already restricts the space of available policies to those that satisfy the
binding borrowing limit. In other words, this new method will never propose a policy for which
some households will violate the borrowing constraint. This dramatically reduces the difficulty
of the numerical solution since the guess and verify step for an appropriate policy respecting
the binding borrowing limit is omitted!2.

I apply this method to solve for the Ramsey optimal policy in a general equilibrium setting
of the HANK model described above and show how to perform calculations to get a system
of differential equations that can be solved numerically and that define the optimal policy in
this model. The method proves to be very convenient, as the resulting system of differential
equations for the co-states is not just linear, which is valid for any Lagrangian problem, but

also has a symmetry with respect to the original problem. See derivations and a more detailed

10T the Appendix, I include the derivation of the Ramsey problem for the standard RANK and as the TANK
model in continuous time. These two models serve as simpler examples for the derivations and reference models
for comparing the results.

UDjstribution of households is not the only function with respect to which Ramsey planner has to maximize
welfare. Other two-dimensional objects include consumption, labor, and household value function. The exact
derivation of the Ramsey problem can be found in the Appendix.

12The logic behind this method is similar to the endogenous grid method Carroll (2006) used in some quan-
titative macro models. Calculus of variations is widely used in other fields of economics, e.g., a wide range of
continuous-time applications in finance can be found in Malliavin and Thalmaier (2006) and Clarke (2013).
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intuition in Appendix.
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In this case, it is the space of productivity levels £ and bond holdings b
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In Appendix, I show how to take differentials with respect to control variables using calculus of

variations and how to rearrange equations to get equations for an updating solution algorithm.

One of the important features of this model is the time inconsistency of the Ramsey com-
mitment policy. After an initial maximization, if the planner has an opportunity to reoptimize,
the policy will change with respect to the one the planner initially committed to. This is the
case both in the presence of the MIT shocks and without them. Solving for the optimal Ram-
sey policy without MIT shock reveals a strong incentive for the redistribution from lenders to
borrowers that is achieved through raising inflation immediately after the implementation of
the Ramsey policy. After the initial redistribution, the economy gradually reverts to the op-
timal long-run steady state with constant inflation.'® This is what the literature refers to as

the time-0 approach. In a setting with heterogeneous agents it is studied in papers Bhandari

13The long-run inflation for the calibrated model is not economically different from zero in my model. The
value is between —0.1% and 0.1%, depending on the assumption on the distribution of profits.
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et al. (2021), Acharya et al. (2021), Le Grand and Ragot (2022), Nuno and Thomas (2022),
and D4vila and Schaab (2022). My model delivers the same prediction as other papers for the
strong redistributive incentive that dwarfs any response to relatively small MIT shocks.

In this paper, I concentrate my attention on studying the optimal Ramsey policy from what
is called in the literature the timeless perspective (see Woodford (2003)). Essentially this means
that a starting point for the Ramsey planner is determined by the steady state distribution
of households and past commitments of the Ramsey planner that I take from the steady state
as well. This is a meaningfull initialization for past commitments, since in this model the
steady state commitments do not depend on the path that was leading to the steady state.
In the continuous-time setting, this implies that paths of the inflation and value functions of
households have to be such that forward-looking co-state variables start at steady state values.
In other words, on impact of the aggregate shock, the Ramsey planner effectively keeps past
commitments and gets to choose the policy only on the subset of available responses, which is

constrained by the necessity to satisfy promises from before an unexpected aggregate shock.™

4.1 Solution algorithm

The solution algorithm aims to find the equilibrium response under the optimal monetary policy
to an unexpected transitory shock (MIT shock). I study a negative TFP and a shock to the
demand elasticity that lowers the desired markup. After an arrival of the unexpected shock,
agents have the perfect foresight of changes in aggregate variables from that moment onward.
For households, this is captured by the a0 This term summarizes changes in a households’
value due to changes in aggregate variables.

First, I conjecture some path for aggregate variables that enter the household problem in

response to a shock. Specifically, fix a path for the real interest rate r?.15

Given this path, solve
the household problem. Starting at time 7', very distant from the shock impact, allows assuming
that the household value at this point coincides with the one in the steady state so that I can
solve for the value of Vr, given state variables at that point. Then, using backward induction,
solve for the path of V; back to the initial impact at t = 0. Having solved the household choices
for the whole path, one can now use forward induction to determine a corresponding path of
the distribution. Specifically, starting at ¢ = 0 and taking the distribution fy to be the one from
the steady state, use the Fokker—Planck / Kolmogorov forward equation to solve for a path of
the distribution up to time 7. Having determined the distribution path, check if all markets

clear. If they do not, update corresponding prices and aggregate variables (notice that there is

no update for the policy yet) and start the procedure again.

1\athematically this means that in the Lagrangian problem I have to include two additional constraints on
the initial level of inflation and household value function, with the co-state variables equal to the initial co-state
variables on the forward-looking equations. See more detail in the Appendix.

15 As mentioned above, the real interest rate has to be considered the monetary policy instrument. This allows
omitting the Fisher equation and thinking directly in terms of the real variables in the economy. At the same
time, this does not create indeterminacy because the ”"missing” equation is still there, and one can determine the
nominal interest rate using the Fisher equation if needed.

15



Second, I find an update for the monetary policy. For this update, solve the corresponding
costate variables problem from Lagrangian first-order conditions. Since these equations have
the form of linear differential equations, this step is easier than the first step. Specifically,
guess paths of costate variables, in the same way, as paths of state variables, by initializing
them at steady state values. Then start at the time T, assuming that the steady state has
been attained by this time. Solve for stationary values of multipliers associated with the first-
order condition on the distribution. Then, following the analogy with the value function, use
backward induction to solve backward for a path of this costate two-dimensional object until
t = 0. Then take costates associated with the value function and its values to be the same at
the moment of impact as in the steady state. Notice that this object is two-dimensional as well.
Also, the assumption that starting values are from the steady state has to do with the fact that
I am solving the problem under timeless perspective. Specifically, if the Ramsey planner could
ignore previous commitments as soon as a shock hits, the value for this costate should have been
zero, as discussed above. Following an analogy with the distribution, solve forward for values of
this costate into the future until time T'. Then, update a guess for costate variables using the
rest of first-order conditions. Finally, as in every Lagrangian problem, an extra equation left
allows one to get an update for the policy itself. Repeat the process for costate variables until
the convergence and use the final update on the policy function to change it and go to the first
step again.

The solution is achieved when all residuals from equilibrium and optimality conditions are
smaller than a predefined convergence criterion. Notice that first and second steps that solve
for state and costate variables equilibria do not have to be done separately. Updates can be

done simultaneously, giving a faster convergence speed.

4.2 Calibration

To calibrate the model, I use parameters from two papers closest to mine in the application.
Specifically, for the supply side and household preference, I take parameters from Kaplan et al.
(2018), and for the labor income process and inequality, I take moments from Bhandari et al.
(2021). Final good producers have a price elasticity parameter ¢ = 10, which implies markups
for intermediate firms are equal to around 10%, and a cost of price adjustment is 1) = 100. This
means that the resulting slope of the Phillips curve is ¢/1) = 0.1. Notice that in this setting,
the actual markup of firms is not that important. Specifically, it governs profits and, thus, the
relative share of dividends in the income of households. However, dividends are distributed
proportionally to labor productivity similarly to the labor income, so the impact of potential
redistribution from wages to dividends is mild.

Household utility function has a risk aversion of ¥ = 1, and an inverse Frisch elasticity
of labor supply v = 1. The household discount factor is calibrated to match a yearly real
interest rate of 3%. The borrowing limit is calibrated to deliver 30% of constrained households

in a steady state. The value of b for which this is achieved is approximately equal to 1.4
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average yearly labor income in the population and 3.8 average yearly labor income of constrained
households. Finally, to calibrate two parameters for the labor productivity process, I match
the variance of a yearly labor income change in one year (for the variance of the stochastic
component) and the variance of the natural logarithm of labor earnings in the cross-section (for

the mean reversion parameter). All of parameters and their values can be seen in Table 16,

Fixed Description Value

v Risk aversion 1

1/5 Frisch elasticity of labor supply 1

10} Price elasticity of demand 10 (slope of the Phillips Curve

P Price adjustment cost 100 ¢/ =0.1)

Fitted Description Value Moment Value
p Discount rate 0.118  real return 3%

b Borrowing limit -1.23 % constrained 30%
Pe Mean reversion 0.11 var log(LI) 0.7

Oe Volatility 0.39 var A(LI) 0.23

Table 1: Main calibration for HANK

When performing a comparison with the representative agent model (RANK), the two-
agent model (TANK), and the model with heterogeneous households that can borrow up to the
natural borrowing limit (NB HANK), I recalibrate parameters accordingly. Specifically, in the
RANK model, I change the discount rate p to maintain the steady state level of interest rate
r? = 3%. In the TANK model, I take the fraction of constrained agents to be 30%, discount
factor p = r? = 3%, and a labor productivity of constrained agents to match the average labor
productivity of constrained agents in the HANK model. Finally, for the NB HANK model, I
recalibrate p to maintain the equilibrium interest rate r’ = 3%, and p. to maintain the same
level of the variance of the crossectional distribution of log labor income. See recalibrated
parameter values for TANK and NB HANK models in Table 2.

5 Results

5.1 Steady state

Solving the model in the steady state and finding the optimal long-run level of inflation reveals
that the optimal inflation is not significantly different from zero. Since all agents perfectly
anticipate steady state inflation, the only reason for the inflation to be non-zero is to change the
balance between dividends and wages. Households also anticipate this redistribution mechanism.

The main effect of a non-zero steady state inflation will be higher or lower demand for bonds

161 agsume there is no ZLB in this setup and solve the model under this assumption.
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Description Value Moment Value

RANK

p Discount rate 0.03 real return 3%

€ Labor productivity 1

TANK

p Discount rate 0.03 real return 3%

b Borrowing limit -1.23 HANK model -1.23

fr Share of constrained 0.3 HANK model 0.3

ek log of labor productivity -0.86 average labor productivity 0.42
of constrained of constrained in HANK

NB HANK

p Discount rate 0.031  real return 3%

b Borrowing limit -100 % constrained 0.6%

Pe Mean reversion 0.69 var log(LI) 0.7

Oe¢ Volatility 0.39 HANK model 0.39

Table 2: Calibration for RANK, TANK, and NB HANK

to compensate for changes in the labor income and the dividend composition. This means
that by having a non-zero inflation, the Ramsey planner has to accept a permanent cost of
inflation for almost no real effects since the potential anticipated redistribution is dampened by
an endogenous change in the bond holdings distribution. In the calibrated model, the optimal
steady state level of inflation is less than 0.1%.

As discussed in the calibration section, the steady state is characterized by the distribution
of bonds with a unit mass of 0.3 at b. The rest of the distribution is shown in Figure 1. 1
also show graphs illustrating consumption and saving decisions and the income composition.
For the readability of plots, I display average values for a given level of bond holdings (on the
x-axis) to reduce the dimensionality of plots. The 3D plots on the space of bond holdings and
labor productivities can be found in Appendix.

Households choose their consumption and labor supply optimally, depending on their current
productivity level, bond holdings, and aggregate state variables. The steady state is charac-
terized by following facts that will be important for the unequal exposure to aggregate shocks
through income. First, households with lower bond holdings consume less and supply more la-
bor in terms of hours worked. At the same time, because of the endogenous positive correlation
of bond holdings and labor productivities, the effective labor supply measured in efficiency units
is increasing in bond holdings, even though the labor supply decreases. The dividend income

also increases with the bond holdings because of the assumption that dividends are distributed
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proportionally to the labor productivity.!” Transfers are lump-sum, so the level does not change

for various bond holdings.
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Figure 1: Steady state

Another important feature that will play a crucial role in analyzing dynamic responses to
shocks can already be seen in steady state plots. Households on the boundaries of the graph
display a visible discontinuity compared to those just short of the constraints. For the top
of the bond distribution this is attributed to the truncation error. This numerical artifact
is insignificant because of the small fraction of households at that point. However, it is an
important feature of the model at the borrowing constraint b. On the one hand, this difference

comes from the aggregation of households for the productivity values that result in the point

7This changes depending on the assumption about the distribution rules of dividends. I check that the main
results are robust to the case with the lump-sum distribution of dividends.
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mass. The 3D plots for household policy functions do not display such discontinuity. On the
other hand, this is what the two-agent New Keynesian literature highlights by modeling the
difference between Ricardian and non-Ricardian agents. In this model, the transition to a fully
non-Ricardian behavior on the constraint is gradual because of the continuum of households.
Hence, the households drastically change their marginal propensity to consume for the relatively
small changes in wealth close to the constraint.

Composition of household income components in the steady state plays a crucial role in
determining the propagation of monetary policy shocks. Recent empirical evidence by Holm
et al. (2021), Andersen et al. (2020), Flodén et al. (2020), and Amberg et al. (2022) shows
that propagation of monetary policy shocks is largely driven by the direct effect of changing
interest rates on income, and not by the intertemporal shift of consumption. Explanation of
this empirical fact relies on the differential exposure of households to interest rates. Some are
borrowers and receive a negative income shock when rates increase. Some have a positive net
asset position and benefit from higher rates. This dimension of heterogeneity of exposure to
interest rates is at the core of the monetary policy transmission, as suggested by the empirical
evidence. Since the key dimension of heterogeneity in my model is a bond position, the same
mechanism also plays a significant role in my analysis. In order to have an understanding of
similarities and differences between my model and empirical evidence, I compare the model’s
behavior with empirical facts in the steady state and later in response to a monetary policy
shock.

Starting with the steady state analysis, the most direct comparison is with Holm et al. (2021),
which uses data from Norway to capture differential effects of the monetary policy, conditional
on liquidity holdings, which is precisely the dimension of heterogeneity in my model. In Figure
2a, I plot two separate sources of income for households in the model, conditional on their bond
holdings: financial income is the return on holding bonds, and income from dividends and non-
financial income is everything else. I find that the importance of financial income increases with
higher liquidity and non-financial income share decreases, which is in line with the empirical

evidence.
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Figure 2: Cash flow shares
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It is more difficult to compare my model with Andersen et al. (2020). The caveat is that the
dimension of heterogeneity in the paper is the household’s disposable income. Since households
with higher disposable income hold, on average more debt, my model cannot be directly com-
pared, as I do not have wealthy hand-to-mouth agents driving this empirical result. Moreover,
since my model does not have any redistributive taxation, I have to perform an aggregation of
income into financial and non-financial categories. Despite these shortcomings, values in the
model have similar behavior to their counterparts in the data. Specifically, when looking at
Figure 2b, I conclude that in my model, households with higher income have relatively lower
importance of non-financial income, which is in line with the data.

Finally, comparing with the empirical evidence from Flodén et al. (2020), I conclude that
in the same way, as documented in the paper based on the data from Sweden, households
with higher debt to income ratio have higher debt expenditures shares. Empirically, the cause
of a higher debt position of these households is the debt taken for the purchase of a house.
Even though my model does not have housing, the primary implication of a negative effect of
increasing interest rates on indebted households is captured by my model. It plays a crucial

role in implications for the optimal monetary policy.

5.2 Dynamic response to the contractionary Monetary Policy shock under

the simple rule

Before looking at the optimal monetary policy responses to TFP and markup shocks, I first
provide an analysis of responses to the monetary policy shock under the simple policy rule.
I compare model responses to the evidence from empirical studies that document effects of
exogenous changes in interest rates on households. Using an exogenous monetary policy shock
is a natural way to see the differential effect on the households’ income, saving, and consumption.
Insights from this exercise help understand economics behind the Ramsey policy later.

I look at the response of the model to 1% contractionary monetary policy shock (Figure
3). I use the simple policy rule iy = ry + 1.5m + €; to close the model, where ¢; is a persistent
monetary policy shock!®. Under this simple rule, in Figure 4a, I plot the change of households’
income shares in response to the contractionary monetary policy shock.

Contractionary monetary policy increases real interest rates. As a result of that, the financial
income share decreases for borrowers and increases for lenders. At the same time, changes in
the rest of income components has the opposite effect. This model implication qualitatively
aligns with the empirical evidence from Holm et al. (2021).

Moreover, when looking at changes in disposable income, consumption, and investment
choices in Figure 4b, the model’s predictions can be compared to the data as well. Disposable
income decreases for all households, but more so for the poor. In the model, the reduction of

the consumption share is relatively the same, given different bond holdings. Disposable income

18For the values of the persistence of all the shocks I use the values from Galf (2015), adjusted for the continuous
time formulation.
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Figure 3: Comparison between responses to the Monetary Policy shock under the simple rule
monetary policy in HANK (orange solid line), and in RANK (blue dashed line). Plots show
deviations from the steady state values: shock, inflation and real interest rate in percentage
points, other variables in percent.

change is transmitted to savings decisions and does not affect the consumption as much as
documented empirically. However, crucially, poorer households suffer more from this shock,
which is true both in the model and in the data.

Comparison with an empirical evidence from Andersen et al. (2020) cannot deliver the same
results. This is because there are no wealthy hand-to-mouth agents in the model. Empirically,
a high proportion of households with a high disposable income and a high debt have an increase
in debt payments following an increase in real interest rates, which is documented empirically.
Since there is only one asset in my model, wealthy individuals have an increase in income from
increased returns on bonds, following an increase of real rates. This dimension is at odds with
the data because of the simplifying assumption of having one asset in the economy. At the
same time, the labor income response is captured quite precisely. It matches a more significant
reduction of the labor income for lower income groups after a contractionary monetary policy
shock (see Figure 4c).

Finally, comparing model responses with an empirical evidence from Flodén et al. (2020)
reveals that households with a higher exposure to interest rate shocks and a higher debt have
a more severe decline in consumption (see Figure4d).

Effects of the monetary policy intervention indicate that the model predicts a more detri-

mental effect on the borrowers than on the lenders. This means that for a given shock that
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Figure 4: Impact responses to the monetary policy shock

increases the inequality, the monetary authority should optimally implement a looser policy than
the strict inflation targeting (SIT), which is optimal in the representative agent NK model. To
find a more precise answer and to judge if this incentive is significant enough to alter the op-
timal policy prescribed by the RANK model, in what follows, I analyze the optimal Ramsey
stabilization policy that was calculated numerically using the procedure described in previous

sections.

5.3 Optimal policy

I calculate the Ramsey policy under the full commitment in response to an unanticipated MIT
shock. The Ramsey planner is restricted by keeping past commitments from before an arrival
of a shock. I initialize these commitments by their steady state values. This means that the
optimal policy is the optimal stabilization policy. The target for such a policy is to minimize
deviations from the steady state in terms of aggregate variables and individual outcomes. This
implies that the planner will aim to reduce the inequality to initial levels for a shock that
increases the inequality, but the opposite also holds. Since this inequality can be affected by an
unexpected monetary policy intervention, the time inconsistency arises. This method allows to
find the optimal response to the shocks alone, abstracting from the redistribution considerations
in the steady state.

An alternative method that is used in models with the time inconsistency is an introduction

of the redistribution scheme that eliminates the time inconsistency. It allows the analysis of an
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unconstrained Ramsey policy in response to shocks. This method has two crucial shortcomings
for the implication in the model with the binding borrowing constraints. First, the method
that I am using gives an advantage of studying implications for the model that has a positive
inequality in the steady state and allows the monetary policy to influence the inequality level.
Second, since the main feature of this model is the endogenous distribution of households, the
full insurance provided by such redistribution policy will result in a degenerate steady state
distribution of bonds, which eliminates the main feature of the model.

For shocks that reduce inequality, the optimal policy will aim to maintain an initial level of
inequality, hence taking the action to increase it after an impact of a shock. Taking this into
account, for both TFP and markup shocks, I choose the contractionary shock so that the overall
effect increases inequality under the SIT policy and allows me to illustrate the mechanisms at
play for the reduction of inequality that the Ramsey planner chooses.'® At the same time, it
is true that for positive shocks, the optimal stabilization policy will imply a symmetrical and

opposite response.?’

Negative TFP shock

I first analyze optimal responses to the TFP shock (see the markup shock analysis in the
Appendix) and perform the comparison with the RANK model. I take the shock that reduces
the productivity by 1% on impact and reverts back to the steady state level at a rate =942,
which is analogous to the process assumed in Gali (2015) but in continuous time, instead of the
quarterly discretization. Specifically, as seen in Figure 5 in response to a negative TFP shock,
the optimal RANK model policy implies the zero inflation or the strict inflation targeting (SIT)
policy. Optimal policy in HANK model instructs to respond to the shock with a positive
inflation and then reduce the inflation to negative values before returning to the steady state
level. Notice that even though the inflation has been negative for some time, the new nominal
price level will differ from the initial steady state level after the shock has passed.

The reason behind this response can potentially have two explanations: either the SIT
policy in HANK fails to achieve the same behavior of aggregates, and a different policy is
needed to sustain the same optimal response, or the notion of optimal response is different. By
comparing paths of aggregate variables in HANK model, where the monetary authority follows
the SIT, I conclude that the latter is the case. The different target for the optimal response
can be explained by a new redistributive motive, which calls for a change in the SIT policy

that achieves the zero output gap. When comparing responses of RANK and HANK models

19Tn general, it is not guaranteed that the contractionary shock increases inequality in a given model with
heterogeneity. This question was carefully studied by Bilbiie (2019) in a model with two households and exogenous
transition probability between the constrained and unconstrained states. That paper demonstrates that different
compositions of income, as well as the structure of taxes, can result in pro or countercyclical inequality. The
heterogeneous agent model delivers good predictions under countercyclical inequality, which is a feature of my
model.

20The response is symmetrical for small enough deviations from the steady state. Since the solution method
is fully non-linear, it allows for identifying differences in the optimal policy between big contractionary and
expansionary shocks. This study is left outside of the scope of this paper.
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Figure 5: Comparison between responses to the TFP shock under the optimal monetary policy
(OP) in HANK (orange solid line), OP in RANK (blue dashed line), and OP from RANK
implemented in HANK (black dotted line). Plots show deviations from the steady state values:
shock, inflation and real interest rate in percentage points, other variables in percent.

with SIT to the same TFP shock, it is evident from the response of the aggregate variables that
the effect of the same SIT policy is almost identical in two models. Since the optimal policy
in HANK is substantially different from SIT and calls for a non-zero response in inflation, it
implies that having heterogeneous agents in the economy introduces a new source of inefficiency
that has to be addressed by the optimal monetary policy, additional to the usual output gap
and price stabilization.

Specifically, when looking at the result of the policy, the crucial difference between RANK
and HANK optimal responses is in the real interest rate responses. In the HANK model the
real interest rate decreases, when in the RANK model it increases. This creates a redistribution
towards low wealth individuals and, more specifically, towards constrained agents. The result of
such redistribution can be seen in the fact that under the optimal policy in HANK, the fraction of
constrained agents is falling as opposed to implementing the strict inflation targeting in HANK.
Notice that higher wages and lower dividends and transfers under the optimal policy in HANK
also imply redistribution. Here the redistributive effect of a lower interest rate is combined
with the redistributive force of wages and dividends. In the model where the distribution of
dividends is uncorrelated with wealth, this redistributive force will be lower or even reversed.

However, the optimal policy is still calling for an expansionary monetary policy.?!

21Despite the lower nominal rate after the shock, the ZLB is not hit. Impulse response functions of other
variables can be found in Appendix.
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Figure 6: Disposable income and consumption-saving policy response under SIT

To have a better understanding of the redistributional effect of the optimal monetary policy,
I look at the heterogeneous response of household disposable income and consumption-saving
decisions after a shock hits the economy. In Figure 6, the left graph shows the baseline income
redistribution in the HANK model under SIT, immediately after the impact of the TFP shock.
Comparing disposable income components with their steady state values reveals that an increase
in the real interest rate creates the redistribution from poor to rich, as seen from the change in
interest payments. Reduction of wages creates the redistribution in the opposite direction, as
seen from the labor income change. Importantly, the redistribution created by the real interest
rate dominates, and the total negative effect on disposable income is unevenly distributed among

the bond households, hitting mostly the poor.
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Figure 7: Disposable income and consumption-saving policy response under Ramsey

The graph on the right shows the effect such redistribution has on the consumption-saving
decision of households as well as their respective welfare. A more severe reduction in the
disposable income leads to a bigger decline in the welfare for poor households, with a significant
drop for constrained agents. This drop is caused by their inability to smooth consumption by
borrowing, thus severely cutting on consumption and increasing the labor supply, compared to
unconstrained agents.

Now, having a baseline in the form of SIT policy, I compare it to the redistribution achieved
by the optimal policy. Specifically, Figure 7 shows the redistribution under the Ramsey policy,
and Figure 8 compares the disposable income and the consumption-saving decision of households

immediately after the TFP shock under the optimal policy with outcomes under SIT.
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Figure 8: Disposable income and consumption-saving differential response (Ramsey - SIT)

Outcomes immediately after the negative TFP shock under the Ramsey policy compared to
the steady state reveals a different redistribution of income that favors the poor. The welfare
of households still decreases, but the shock is more evenly loaded on households, reducing the
burden on the poorest.

The graph on the left shows that the aggregate disposable income is redistributed more
towards households with higher debt which is achieved by implementing a lower real interest
rate. On the right-hand side, I show how changes in the disposable income translates to changes
in the consumption-saving decision. In line with the logic discussed above when looking at
pure monetary policy shocks, the lower real interest rate under the Ramsey policy creates
redistribution towards poor individuals, which translates into higher consumption and higher

investment.

5.4 Reduced heterogeneity

I compare the size of the redistributive effect that calls for a looser monetary policy to two
models. First, where the fraction of the constrained households is fixed, as in the two-agent NK
(TANK) models. Second, where it is zero, as in Bhandari et al. (2021): a HANK model with the
natural borrowing limit (NB HANK). Specifically, in the adequately calibrated TANK model,
with both agents having different labor productivities and different bond holdings®? (positive
for unconstrained and negative for constrained), the effect on income through opposite exposure
to interest rates (Figure 9) can be achieved as well.

The borrower pays interest on debt, and the lender receives the return. The crucial difference
between HANK and TANK model is the absence of the incentive for Ramsey planner to affect the
bond holdings of individuals in the latter. Optimal monetary policy is looser than in the RANK
model to achieve some consumption smoothing but less so than in HANK. Quantitatively, taking
the difference in inflation response between TANK and HANK models, the reduction of the
fraction of constrained agents accounts for 30% of the rise of inflation, or 25% of the difference

in the aggregate output response.

22This is not a standard assumption for TANK models, but to have a direct comparison with the HANK model,
the income effect that comes from the real interest rate exposure has to be considered in the TANK model as
well.
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Figure 9: Comparison between responses to the TFP shock under the optimal monetary policy
in HANK (orange solid line), RANK (blue dashed line), and TANK (black dotted line). Plots
show deviations from the steady state values: shock, inflation and real interest rate in percentage
points, other variables in percent.

When comparing HANK model with NB HANK, the difference is less pronounced (Figure
10). Because the calibration in NB HANK implies a higher variance in consumption, it increases
the inequality, fueling the incentive to redistribute from dividends to wages. At the same time,
the real interest rate still does not fall as much as in the HANK economy under the optimal
policy.

The difference that the binding borrowing constraint brings into the model without it is
small for this model calibration. Nevertheless, this holds only for the TFP shock. As shown
below, the optimal response to the Markup shock is drastically different between the two models.
Moreover, the analysis of the importance of the binding borrowing constraint reveals that if the
fraction of constrained households is higher than 35%, even after the TFP shock, the model
with the binding borrowing constraint instructs for an even looser monetary policy. More on
this later.

Comparison of these three cases illustrates that having a fixed share of constrained agents
or heterogeneous agents with a natural borrowing limit does not provide the same incentives for
the Ramsey planner to reduce the real interest rate as the HANK model with the occasionally
binding borrowing constraint. The reason for this is that in the case of the TANK model, the
reduction of real interest rates does reduce the pressure on constrained households, but they

cannot react in the same way by starting to save and switching to unconstrained.
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Figure 10: Comparison between responses to the TFP shock under the optimal monetary policy
in HANK (orange solid line); RANK (blue dashed line), and NB HANK (black dotted line).
Plots show deviations from the steady state values: shock, inflation and real interest rate in
percentage points, other variables in percent.

5.5 Importance of the fraction of constrained households

Previous sections indicate that the behavior of the optimal monetary policy is substantially
different depending on the fraction of constrained households in the economy. To study this
dependence more carefully, I perform the following exercise. I calibrate an array of HANK
economies with the differential fraction of constrained households, starting from a few percent,
which in the limiting case corresponds to the NB HANK model, to as high as 50%. For these
various economies, compute the optimal response to a contractionary TFP shock and plot the
deviations of the real interest rate and output on impact, compared to the steady state. The
results of this exercise can be seen in Figure 11.

Figures show that 30 — 35% is a transition range for this economy, after which the Ramsey
planner in HANK economy starts to implement a significantly different monetary policy from
the Ramsey planner in NB HANK. These graphs illustrate that despite the seemingly small
differences between the two calibrated models in the case of a TFP shock, the actual difference
can be much more significant if the fraction of constrained households is underestimated.

Notice that this picture contrasts the importance of the occasionally binding borrowing
constraint in my model with the exogenous fraction of constrained households in Bhandari
et al. (2021). In their paper the optimal policy is almost unaffected by including the fixed share

of constrained households, which contrasts with the figures above.
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Figure 11: Impact change with respect to the steady state level after the optimal monetary
policy response to the TFP shock, depending on the fraction of constrained households in the
economy.

6 Conclusion

In this paper I study the optimal monetary policy in HANK with an occasionally binding
borrowing constraint, when the fraction of credit constrained households is endogenous. The
solution to this problem makes a two-fold contribution to the literature. First, I extend methods
used in continuous-time optimal policy literature to an application with a non-trivial binding
constraint. Second, I provide a comparison of the implications of this model with the two main
alternatives in the literature: TANK model and a HANK model with the natural borrowing
limit.

This paper bridges the gap between theoretical and numerical literature that focus on het-
erogeneity and optimal monetary policy. This bridge is similar in style to Debortoli and Gali
(2017), where authors argue that the presence of credit constrained agents has a crucial im-
plication for the positive implications of the monetary policy and argue that TANK economy
is good enough to grasp most of it. In this paper I present the analysis from the normative
perspective, focusing on the implications for the optimal monetary policy. I show that consider-
ing HANK model with an endogenous fraction of constrained individuals significantly changes
the optimal Ramsey policy with respect to RANK model. But in case of the optimal policy
implications, TANK model does not offer such a good approximation any more. Moreover, a
full heterogeneity is not enough either, if the binding borrowing constraint is missing. I show
this by performing the comparison with a model that features the natural borrowing limit, as
in Bhandari et al. (2021).

I conclude that the presence of an endogenous fraction of constrained households in the model
introduces an important margin for the optimal monetary policy to consider. Specifically, the
Ramsey planner optimally decides to relax the constraint for as many households as possible in
response to contractionary shocks in order to allow them to smooth consumption intertemporaly.
As illustrated by comparison of the results with alternative model specifications that do not
share this channel, the additional motive for lower interest rate response is substantial. When

looking at the model that is calibrated to US data, this channel proves to be one of the most
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important channels that shapes the optimal monetary policy. Quantitatively, it ranges from 10%
to 25% of the overall difference in real interest rate response with respect to the representative

agent economy.
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7 Appendix

7.1 Steady state plots

Distribution Consumption

Figure 12: Steady state
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7.2 Dynamic response to the inequality-increasing Markup shock under the

optimal policy

I study the response to a shock that temporarily increases the price elasticity of demand for
intermediate goods by 1, thus reducing desired markups by approximately 1%. The decay of
the shock follows e~ 989 which is analogous to the process assumed in Gal{ (2015). The same
logic for creating the redistribution by reducing real interest rates, reducing dividends, and

increasing wages, as in the case of the TFP shock, also holds for the markup shock.
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Figure 13: Comparison between responses to the Markup shock under the optimal monetary
policy (OP) in HANK (orange solid line), OP in RANK (blue dashed line), and OP from RANK
implemented in HANK (black dotted line).

In Figure 13, I compare the responses to markup shock in HANK and RANK under the
optimal monetary policy. Importantly, when the optimal monetary policy from RANK is im-
plemented in HANK,?? the behavior of aggregate variables is the same as in the calibrated
RANK model, which, again, confirms the importance of the additional redistributive incen-
tive that appears in the HANK model. Following the same logic of reducing the impact of the
inequality-increasing shock, the optimal monetary policy in HANK on impact implements lower
real interest rates by 0.3 pp, reduces the dividends payments by 4.5%, and increases real wages
by 0.5%. All these effects combined lead to a higher aggregate utility path in HANK than the
policy from RANK will otherwise imply. The aggregate welfare improvement is 0.07% over the

23In the case of markup shock to implement the policy from RANK in HANK, I assume that the monetary
authority matches the path of the real interest rate. Alternative assumptions can imply matching of other
aggregate variables, such as inflation or output. However, since the paths of aggregate variables are matched
very precisely under this specific rule, any other matching rule will closely reproduce the same outcome.
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Figure 14: Disposable income and consumption-saving differential response (Ramsey HANK -
Ramsey RANK)

In this case, the redistributional motive works by managing the impact on the poor house-
holds and relaxing the binding constraint for some households on it. The mechanism is similar
to the response to the TFP shock. When comparing the difference in immediate responses after
a shock under the optimal policy in HANK to the optimal policy from RANK implemented in
HANK in Figure 14 the mechanism of the optimal policy is, again, to create a relative redistri-
bution of the disposable income towards poorer households through lowering real interest rates,

which leads to a higher consumption. Between the changes in real interest rates, dividends

Output Inflation Real Interest Rate
0.04
0.02
0.00
—0.02
—0.04
0 2 4 6 0 2 4 6
Employment
0.8
0.6
0.4
0.2
0.0
0 2 4 6 0 2 4 6 0 2 4 6
Fraction of Constrained Households Utility Price Elasticity
0.4 1.00
0.3 0.75
0.1 0.25
0.0 i 0.00
0 2 4 6 0 2 4 6 0 2 4 6

Figure 15: Comparison between responses to the Markup shock under the optimal monetary
policy in HANK (orange solid line), RANK (blue dashed line), and TANK (black dotted line).

and wages, the main redistributive effect is achieved by imposing lower real interest rates. The

aggregate redistribution effect implemented by the optimal policy in HANK leads to an almost
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1% increase in the disposable income for constrained households compared to the policy taken
from RANK. Such the redistribution results in an increase in welfare for constrained households
by 0.5%.

Comparing results with the calibrated TANK model in Figure 15 shows that similarly to the
case of the optimal response to the TFP shock, the TANK model recovers some of dynamics
of the optimal policy in HANK. The difference again is attributed to a missing incentive of
reduction in the constrained fraction in TANK. This time an additional incentive for a looser
monetary policy is more significant. On impact, the channel accounts for 75% of the difference
in inflation response and 50% in the difference in the output response. Alternatively, the TANK
model can recover at most 30% of the total effect compared to the HANK model. The paths
of dividends and wages are closer to HANK, but only on impact: 1 year after the impact of
a markup shock, paths are almost identical to the RANK model. This difference highlights
the importance of the new incentive of reduction in the fraction of constrained households in
the case of a shock to markup. Under the optimal monetary policy in HANK, the fraction of
constrained agents reduces by 0.3% with respect to the steady state and by 0.2% with respect
to the policy from TANK. When measured in terms of the aggregate welfare, the improvement

is 0.05%.
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Figure 16: Comparison between responses to the Markup shock under the optimal monetary
policy (OP) in HANK (orange solid line), RANK (blue dashed line), and NB HANK (black
dotted line).

Finally, comparing this result to the optimal policy in HANK with NB HANK in Figure 16

shows that in the economy with a natural borrowing limit, the optimal monetary policy can
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almost completely counteract the effect of the markup shock. Real interest rates, dividends,
and wages almost do not change relative to the steady state. The incentive for reducing the
real interest rate is strongest in the case of the model with the occasionally binding borrowing
constraint. Reducing the fraction of constrained households changes the target for the Ramsey
planner and leads to a looser monetary policy. This effect is much stronger than for the TPF
shock discussed in the previous section. In terms of wages and dividends, the NB HANK model
is further from the HANK prediction than the RANK economy. In contrast, the real interest
rate has the same behavior as in the TANK model, not offering any significant improvement

over the simpler model.

39



7.3 Household law of motion adjoins to KF

In the appendix I will drop the time and household subscripts for the values. Though in some
cases no subscripts means that the object is a function rather than a value of a function.
The exact use will be clear each time and this simplification is done in order to shorten the
expressions.

For the two given functions g, h the proof is the following

(g, A"h) //gA*hdbds = (36)

2 2
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Notice that when one of the functions is a distribution of the households, it must be that it is

equal to zero on the limits of the domain. This implies that the only non-zero boundary integral

is [lim g(}h‘b ) de This derivation together with the constraint on the density function on the
€ =

limits of the domain is going to be crucially important for the derivation of the optimal policy.

7.4 Ramsey problem in RANK

This section shows how to solve the RANK optimal MP Ramsey problem using Calculus of
Variations.

RANK model is a baseline three equation model in continuous time.

The household problem is the same as in the HANK described in the main text, with

constant productivity € = 1.

o ¢ Ctl i lltlJr7
Vi =maz E ez dt 42
" el t/ "“\1-v 1y “2)
s.t. ¢+ i)t =Wy, +d, + T, + T?bt (43)

Solving this problem for the representative household and zero net supply of bonds, gives
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the Euler equation and the labor supply equation.

The Ramsey problem has the following form:

Lle,l,W,Y,m,rb] = (47)
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7.4.1 Control over consumption

According to Calculus of Variations, I start with taking the first variation wrt the control
function at hand. This implies taking the variation of the function and separately the variation
of the variation of the derivative of this function. Notice that here I can take all the variations
separately, as they do not interact between each other and the strong forms can be derived
separately for each of the controls. This will not be the case in the HANK problem.

Weak form:

o0

oL 0t€
—nt — tCt
—_— = e’ Ztct V’th + VT’UC,t
dc c;

0

1l e + nrves | dt (51)

To proceed further, I have to isolate the all the variations in their initial form without
derivatives.

Rearranging the term with v.;:

0o oo
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Finally weak form is:
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Now using the standard CV approach to allow for any admissible variation, we can conclude

that at any point the term that multiplies the variation has to be zero. Thus the strong form:
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7.4.2 Control over labor
Weak form:
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7.4.3 Control over wage
Weak form:
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7.4.4 Control over return
Weak form:
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7.4.5 Control over output

Weak form:
e T " : Y,
_ Dy,
57 = / e Pt !_UT,t (1 — 27Tt2> vy + Ny,tVyt + 777r7t7Tt7: — nﬂ7tﬂt7}UY7t dt (61)

0

In the same way as in the control over the consumption, to proceed further, I have to isolate
all the variations in their initial form without derivatives.

Rearranging the term with vy:

[e.o]

—pt Vit | gy et Uy’t’m— 62
/6 |:777r,t77t Y;f:| € " Nr Tt Y; lo ( )
0
[ [ B mem) Y,
— ot Tt Tt it 7T 7t T
_/ept 81&;;f —n;,;t—pnyztvy,tdt (63)
t
0
This implies the weak form to be:
oc_ [ v 2 (1 y)
_ 5\t Tt AT
5 e [—UT,t <1 - 27Tt2> + Ny — ot ;% +Pnﬂ}% : vy,dt+ (64)
0
—pt Vyt |° _ 65
+e gy Y, lo (65)
Strong form:
PN tTt = %(nw,t'fft) + Nt (1 — %m?) Y — v Yy
. —pt Nt Tt _
tligloe 7)5 0 (66)
T =0
Nt Tt o

7.4.6 Control over inflation

Weak form:
sc T Y,
[ee]
5= / e Pt [—nT,tmetvn,t — Nt (ri’ — p) — NetVnt | At + e Pineves] =0 (67)
s Y: 0
0

Strong form:

. Y,
Nt = <,0 —rf+ t) Nt + TP Yy

Y;
lim =Pt =0 (68)
t—o0 ’
=0
\777r,t t=0
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7.4.7 Optimal MP policy

Finally all conditions can be brought together in one system:

1—v

pot = 0t + 4y G i

+ pelf et +

lim e Pto; =0

t—o0
—0
Ot -0
—Zol] + el e =y = 0

_Mta + nﬂtwgt =0
Ot = NnTt

PNx Tt = %(nw,tﬂ't) + N7 (1 - %7&2> Yi —nvYs

lim et g
t—o00 t
nw,tﬂt’ =0

t=0

) Y,
ey = | p—10+ Yt> Nt + 0T Pme Yy
t

: —pt _
lim e ", =0
t—o00

Nt
\

t=0

Combining differential equation for output control, inflation control and PC gives

(LS oy — 1 o Wy 1
e ]_ — — - _1 — M
Ny, = N1yt < +tom > o—10 y, It (70)

And combining consumption control with output control and real return control

1—v
c nric (L
Zy tV + ,utlZc;’ + Vt L= nTt (1 - 27Ft> Y —nviYs (71)

So the Optimal MP problem becomes:

/ 1—v

Zy Ct + el ¢ + nT’tCt = N1yt (1 - %772) Yy — nyeYe
—ZtQOZ7 +ypel] el — 77Yt9t =0
—,utA + nrtje 0

. Y;
Nrt = (p - 7“,1? + ?t Nt + NrePm Yy
t

lim e P, =0
t—o0

Nrt =0

t=0
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Rearranging the first three equations:

_ Zyply 0y
= tnve =
T Y f
A0,
Nt = Wt
R
Zi%— 4l &+ ny Yy
nrt =

(-3 (1-372) v
v
Nyt = Nt <1 + §7Tt2 RS A

. Y,
Nrt = (P —rt+ = Nt + NT 0™ Ye

1¢t—1< o Wy
¢t —1 0

Y;

lim e pmrt—()
t—o0

Nt =0
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7.5 Ramsey problem in TANK

This section shows how to solve the TANK optimal MP Ramsey problem using Calculus of
Variations.

TANK model differs from the RANK model by adding a fraction 7 of constrained hand-
to-mouth households. In order to maintain comparability between HANK and TANK models,
the constrained and unconstrained agents are different in their labor productivity and have
different bond holdings. Labor productivity of the constrained household is calibrated to be the
same as the average labor productivity of the constrained household in HANK model. Debt of
the constrained household is equal to the borrowing constraint and the bond holdings of the
unconstrained household are such that the zero supply of bonds is preserved.

Constrained household solves the problem of choosing labor and consumption at every mo-

ment, so there is only the labor supply equation and the budget constraint.

ht =AWy iex + dieg + Ti +10b (74)
v )\thk
lz,tck‘,t :T (75)

Unconstrained household problem has intertemporal maximization

+o0 Cl—zl l1+ry
Vi= mazx E ety [ Cwt o twt ) o -
t {cuslusbute ' / ' (1 -V ‘Pl + v (76)
s.t. Cu,t + i)u,t = )‘thu,tgu =+ dtsu + E _ Tf - Th (77)

Solving this problem under constant bond holding (b, = 0), gives the Euler equation and

the labor supply equation.

Z é

b t u,t

Ty =p+ 5 — 8

t =P Z, Cus (78)
AW,

lZ,tCZ,t = SDtEu (79)

Supply side stays the same, so the Phillips Curve is unchanged.

by Vi o —1 on .
(Tt —th> Ty = " <¢t_1mt—1> + T (80)

Aggregate output is now produced with the labor of two agents

}/t = Ht(le,tEk -+ (1 — T)lu,tgu) (81)
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The Ramsey problem has the following form:

Lleu, o, bus b, W, Y, T, r%] = (82)
e 1—v 14+ 1—v 14y
c l c l
_ —pt 7 k.t _ k.t 1— 7 ut u,t
/e Tt<1_y T +(1—-7)% 0 %145 + (83)
0
Zt C )\Wték )\Wtéu
i _ 0o — Ak we (0, — 84
+Qt< a7 cut)+ukt<’“’tck’t v >+M’t<“’tcu’t v >+ (89
Wi\ Ys
+ 77Yt (Y;g 075(le tEk + (1 — T)l ,tEu)) + 77d,t (dt — <1 — %ﬂ'? — 0;) ;) + (85)
+77kt ()\thk tEk +Tt+dt€k+rtb_ck t) + (86)
Wi
+ Nt (/\Wt w,t€u + Tt + drgy — bl — Tb - Cu,t) + N1 <Tt —(1=X) QtY;t) (87)

¢ — 1 or Wy . y Y
+777r,t( " <¢t_19t_1>+7Tt_<’rt_y},>ﬂ-t>]dt (88)

7.5.1 Control over consumption unconstrained

According to Calculus of Variations, I start with taking the first variation wrt the control
function at hand. This implies taking the variation of the function and separately the variation
of the variation of the derivative of this function. Notice that here I can take all the variations
separately, as they do not interact between each other and the strong forms can be derived
separately for each of the controls. This will not be the case in the HANK problem.

Weak form:

oL
— 89
dcy (89)
w . .
—pt —v OtCu,t
e (1-— T)Ztcu,tvcu,t + V=5V, t — VO T Uy tlu Cot t Ucu — NutVeut | dt - (90)
] Cut Cu t

To proceed further, I have to isolate the all the variations in their initial form without
derivatives.

Rearranging the term with v,

o0 A (o]
/e‘pt |:VQt UC"’t} dt = —e Plvgy Cewt +/ [y — Vo CE” Qt] Ve pdt  (91)
Cu,t Cu,t Cu,t Cunt Cu,t
0 0
Finally weak form is:
oL [
/ept (1— T)ZtCut + I/& py— + Vb, tl — Nut | Ve, tdt— (92)
dca Cut Cu,t ' 7
o0
_ e Py Lout =0 (93)

Cu,t
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Now using the standard CV approach to allow for any admissible variation, we can conclude

that at any point the term that multiplies the variation has to be zero. Thus the strong form:

1-v
. & c
pot = 0r + (1 — T)ZtL; + pruli ey — W
lim e~#ty-2L =0 (94)
t—o0 Cu,t
ot =0
t=0
7.5.2 Control over consumption constrained
Weak form:
oL _ e P12, Y + vl Tt - dt (95)
6ck - tck,t Uckzt /'Lkvt k‘,tck,t UCk,t T,k,tUCk,t
0
Strong form:
TZtc,;Z + Vumlz’tcz;l — Mkt =0 (96)
7.5.3 Control over labor unconstrained
Weak form:
Y
5 / e Pt [—(1 — T)Ztgolltvlu,t + vuu,tlzglcz’tvlwt— (97)
u
0
—nybien(1 — T)vp, ¢+ + NuAWie vy, ) dt =0 (98)
Strong form:
—(1 = 7)Zpl , + Yitualys €y — myabieu(l — 7) + muAWiey = 0 (99)
7.5.4 Control over labor constrained
Weak form:
o0
OL _ [ ot [_rz,00) oty 6 AW, dt=0 (1
ol € [—7' Pl 1Vl + Ykl CrgVl e — MybeerTon o + Mk AWy, ¢ | dt =0 (100)
0
Strong form:
—TZ#PZZ,t + 'Y,Ulc,tlZ;lCZ,t - 77Y,t9t€k7 + nk,t/\Wt€k =0 (101)
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7.5.5 Control over wage

Weak form:
Y _ ek A&y (1=2X)

_ pt | _ — g2 = Y, 102

TG e [ Lokt Hut ==~ tt (102)

Y;
+Ndt = = + N tfe + Nkt Aeklk t + NugAeulut | vwedt =0 (103)

Strong form:

e e 1—X Y:
_Mk,tjk - #u,t?u - 77T,t( 7 )Yt + Ndi—- =0, + thfe + Mt Aeklit + NugAeulus =0 (104)
t
7.5.6 Control over return
Weak form:
s [
_ T
55 = / e Pt |:Qth,’,.b7t + Npe,tbvb ¢ — 'I’]u’tbﬁvrbi — NV ¢ | dt =0 (105)
0
Strong form:
Ot = NaTt — Nitb + Uu,tbl (106)
7.5.7 Control over output
Weak form:
s T b, W
1
o~ —pt 1 22 t) = _ 107
5Y [ "dt( 9 Tt et>ew’t (107)
W, U
—nre (1 =A) T:UY,t + Ny vy + Uw,tﬁt% — Nt Tt g Y2 vy, | dt (108)

In the same way as in the control over the consumption, to proceed further, I have to isolate
all the variations in their initial form without derivatives.

Rearranging the term with vy:

o0
—pt DL gt =P “Yyt"’o_ 109
0/6 |:777r,t7Tt Y; :| € N tTt Y; ( )

I [ 2 ) v,
ot s e T
—/e_”t Gl 77;: v = t—pn;;rt vypdt  (110)
t
0
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This implies the weak form to be:

o0

oL _ P Wy Q(nntﬂ—t) Nt Tt

= [ s (11— o = A~ - i dt 111

5Y e [ Nt ( o Tt 0, > + Nyt Y, +p Y, vy,cdt+ (111)
0

g < 12

+e T Naame Y; lo ( )

Strong form:

Wi\ Y, W,
Pt = 5 (M) + Mg <1 - %7&2 - 9t> gt + 07t (1= A) TtY} — Ny Y
t t
t—o0 t
=0
Nt Tt =0
7.5.8 Control over inflation
Weak form:
s T Y, Y,
oo
= :/e_pt [—Tld,tﬂmt;vw,t — Nt <Tf — ?Z — P) — MOy | dt + e P vy . 0 (114)
0

Strong form:

. Y, Y,
Nt = (P —rl+ t> Nrt + nd,t@bﬂté

Y;
lim e P =0 (115)
t—o00
=0
\nﬂ',t t=0
7.5.9 Control over transfers
Weak form:
o
oL —pt
5T | ¢ 7,007, + M VTt + MuivTe) dt =0 (116)
0
Strong form:
Nt + Mkt + Nue =0 (117)
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7.5.10 Control over dividend

Weak form:
Y
S5d / e P Nasvat + MetCkVat + Nuiuvas) dt =0
0
Strong form:
Nd,t + M,t€k + Nutew = 0
7.5.11 Optimal MP policy
Finally all conditions can be brought together in one system:
( 017 Nt Cut
por =0t + (1 — T)ZtMT’ + puli el — %
lim e_ptuﬁ =0
t—o00 Cu,t
=0
ot o
TZtC]:tj + l/uk,tlgiczgl — Mgt =0
—(1—7)Zply , + ’Y,Uu,tlZ;lCZ,t = nyebreu(l = 7) 4+ nuAWiey = 0
_TZtSDZg,t + %uk,tl;z;lcz,t — Nyt + N AWiep = 0
AL Ae 1-A Y; 10)
_Nk,t7 - Nu,t?u - 77T,t( 0 )Yt + nd’%?t + nﬂ’td)i; + Mg Aeklpt + NuiAeulut =0
t t t
0t = NrTt — Mi,tb + Nu b=
) Wi\ Y; W,
Pt Ty = %(Wr,tﬂ) + Nt <1 - 57%2 - th = nre (1 —A) -1y, — Nyt Y
t £ 0y
lim e_ptLr’tm =0
t—o0 t
s =0
Ui ’tm‘tzo ‘
) Y; Y
Net = 1| pP— Y+ Yt> Nrt + Wd,t¢7tft
t e
lim e_ptnmt =0
t—o0
Tt t=0 =0
Nt + Mt + Nt =0
[ 7M.t + M t€k + Nut€u = 0

(118)

(119)

(120)

Now equations can be rearranged to get the co-state variables updates (Combining control
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over output, control over inflation, and PC in the same way as in RANK):

Vhualyy ety — (1= 7)Zepl] s — nyabreu(l — 7) + nugAWiey = 0
wk,tl,lglcz,t — TZepl) , — Ny pbrerT + Mg AW = 0
Mt = TZ0Cy + vl el

nre = Mkt — Nu,t

Ndt = —MktEk — Nu,tEu
w 2 Wt 1 1 ¢t -1 ¢t Wt
Nyt 77d,t< + 5 i 0, )z nn,th ” 510,
0t = NaTt — Metb + Nutbi=>
d’ Ac‘fk Ag 1 o )\ Y
Uw,t—t — MEt—— — Mu,t—u — 77T,t( )Yt + Ud,t% + Mt Nk i€k + Nt My e = 0
b, ® L %) 6, =0,
) c
pw:w+ﬂ—ﬂ%if+m¢ﬁm_@%ﬂ
lim 6_pty& =0
t—o0 C’U,,t
=0
o,

. Y, Y,
Nrt = (P - Tf + y) Nt + NP —
+ £

: —pt
lim e ", =0
t—o00

Nt =0

t=0

(121)
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7.6 Ramsey problem in HANK

This section provides comprehensive scratch notes for the Ramsey problem solution using Cal-
culus of Variations.

First, let’s write the problem of the Ramsey planner:

LIf,V, e, LW, Y, 7,0’ T,d] = (122)
e 1—v 1+
C: l- af.
— —pt Z7t _ l,t . . * L Z,t 12
/e Kl—u ¢1+77fl’t> " <Q’t’A”tf” ot > (129)
0
1—v 1+
Cit it Vit
it 2 — 2 i i > i ].24
+<@,t .y 901+7+«4,tV,t+ T PV,t> (124)
_, OV , AWieiy
+ <:“i,ta it T op > + <"‘i,tv thci,t - p (125)
+ ot (bits fir) +1vie (Ve — 0 (ligeig, fir)) (126)
W, Wi\ Y,
e (T = (=0 229 ) g (- (1= Lr2 - D) 12 (127)
916 2 975 e
o—1 o Wi . Y
I iy A Y 12
+ Nrit ( " 6—106 + ¢ T Y, T dt (128)
Where
. OV, B Vi 02 0%V,
itVit =bit—— + pe€it(€ — e : e : 12
Ai Vi Taen + pegi(€—eiy) e + €t 2 92 (129)
. By o 2 o2
Ai i fiz=— %bi,tfi,t — %Psgi,t(e —eit)fit + @si,t?fm (130)
bit =AWiligeis + 12bis + Tp + digig — ciy (131)

And for &£, B defined as sets such that ¢ € £,b € B and 0,08 defined as boundaries of sets

g, B.
(") ES/Z.. dbds (132)

Using calculus of variations I will take the functional derivatives of £ wrt all of the con-
trol functions. Notice that the key idea is to treat derivatives of the control functions in the
Lagrangean as functions themselves.

One important aspect is that the variations should be taken all together, and not separately.
This matters for the treatment of the boundary conditions. For the readability, I will write
the variations one by one, but highlight the place in the derivation where I use the fact that

variations are taken together to treat the boundary constraint on the bonds.
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7.6.1 Control over distribution

Weak form:
0 1—v 14y
5L c; L ov;
_ —pt it it ) ) ko %t 1
5f /6 [<1 — @1+777}z,t> + <Cz,t7-Az7tUz,t ot > ( 33)
0
+ Mt (Dits vit) + Ny (=0t (lie€it, vig)) ] dt=0 (134)

Now to move to the strong form some rearrangement should be done to the differential part

of the weak form

/e ot [<Q7t,.,4i7tvi,t— 8tt>] dt = (135)
0

o0

/ept //g,t< T it — 8tt>dbda dt = (136)

0

_ 0 . 0 _ 0%  o? 0v;
/e & //Ci,t (_%bz’,tvi,t - %Pe&',t(e — €tV + @Ei,tfvi,t ~ > dbde | dt (137)

0 LE B

Treating all four parts of the integral separately:

First:
e —pt [ / Czt " Ztvzt> dbde | dt = (138)
£
_ . . aCt
— pt b s _ , ¢
/ e / (Gurbisvic) / bivia b | dedt (139)
0 E oB B
Second:
|: C’Lt paEz t( ezt V; t) dbde | dt = (140)
—pt , (e — e s ooy, DS
— /e (Gitpecit(€ —eit)vie) | — [ peip(e— ezﬂt)vz,tgda dbdt (141)
0 B o€ &
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Third:

/ / gl,t< 8822 o >dbd5 dt = (142)
E B

0
T 0 o? 0Gi ¢ o?
—pt R S _ v iy ) —
/e / Git <86€z,t 2 vz,t> / 9e (656”5 5 vl,t> de | dbdt (143)
0 B L o8 ¢
7 0 o a¢; o2 o2 9?2 i,
/e_pt/ Ci,t <a€5i,t2€w,t) - < ggt5i7t261)i7t) "‘/52'715287)” aC td dbdt (144)
0 B L o€ o8 ¢
Fourth:
/e ot //Qt<avzt>dbd dt = // / eri¢, 2 =itdt| dvde (145)
£ 0
// C’L tVit /'Uzte Pt C@ tdt] dbde = (146)
£ L 0 0
// e_ptCi,tvi,t — /vme <3§;t - p(lt> dt| dbde (147)
e B L 0 0

Finally, notice that the boundary constraint on f;; implies that it has to be equal to zero

on any boundary except b = b for values of b = 0, as well as aaf;t =0 for f € 9. This implies

and

oB
at t = 0, the only boundary condltlon that is left is the one at ¢ — co. Then the term can be

/e [<C@t, i tVit — ag;”tﬂ dt = (148)
0

r — aC’Lt

e Pt [< itGit + — pG; t,vlt>] dt — hm e Pt Gitvi rdbde (149)
I |

that all the boundaries actually cancel out. Moreover, since distribution is fixed

written as

Strong form:

1—v 1+

Gt LA it b O,li 1511 = 1
1_V—801+ + AiiGit + —- ot — pGit + Mtbit — Nybilizeir =0 (150)
tlggoe pt Gt=20 (151)
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7.6.2 Control over household value

Weak form:

S5 o v ov;

o _ —pt A Lt ; = )| dt =

5V /6 [<Ql’t’“4’ R > " <”Z’t’ o >] '

0
Where
. O, B ov; 052 (92’Uz'
A tvi e :bi,th’t + pecii(€ —eiy) 6; + 5%’¢?W27t

l;i,t =AWl tei s + 'rfbi,t + T +disi — cig

For A; v+ the following rearrangement can be done:

<Qi,t7Az‘,tUz‘,t> Z//Qi,t»Az‘,tUz‘,tdde:

8vi 02 82’01'
//ta ( it + peci(E — eiy) 8; + 51’,15?6 652#/) dbde

As in the previous case, working the three terms separately.

First:
. Ov;, . .
/ / 01bia ot dbde = / 0igbigvig| de — / / V1o 0y
£ oB £ B
Second:
(9112‘
//Qltpsgzt €i,t) ag’tdbd&":
E B
/Qi,tps&',t(e €i,t) Vit // tapsezt( — e;¢)dedb
B
Third:
e Zt o
//Qltglt 2 8 2 dbd
E B
lop 81)” ov; 03 B
/Q’Lt 1t? R db — // e Zth,t?dEdb—
B B
/ o2 Qv; 4 db — / o? db+// d b
Qi t€ zt2 e 'Uz,t ta51t2 Uzta QtaEzt €
B B

(152)

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(161)

(162)

Notice, that because of Inada conditions, the values of 8—V and —V are fixed to be zero for

0b Oe
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b — oo and € — oo. This implies that variation of partial derivatives has to be zero at these

boundaries as well. This means that the expression becomes

(0its Aigvi) = (Af 01, vi) + /Qi,tbi,tvi,t d€+/9i,tﬂs€i,t(é— eir)vit| db+  (163)
£ b=b B e=¢
2 2
oz 0v; 0 o
+/Qi,t5i,t28 agt db_/Ui,tagQi,tEi,t; db (164)
B e=¢ B e=¢

Finally notice, that since the distribution of € is a log-normal, then € = 0, so that almost

all the terms cancel out

2

; o
(0ig: Aigvig) = (Af 1002, Vi) + / 0ithivis| de — / viglit— | db (165)

£ b=b B £=¢
For the FOC constraints (utilizing Inada conditions on b — 00):
ov; 1L
- <,Ui,t7 a;)’t> = —/Mi,tvi,t d&—l—//vi,t g;’tdbds (166)
£ b=b & B

For the time derivative:

o

_ 8v~t _
/e Pt [<Qi,ta 87:5 - PUi,t>] dt = <Qi,t€ Ploi s
0

Finally, this means that the strong form is:

> - < / e oy gt’tdt> (167)
0 0

N 00i Ol
Ao =5+ gy =0 (168)
0i0 =0 (169)
Oit e 0 (170)
0ithiy — pig oy 0 (171)
7.6.3 Control over household consumption
Weak form:
oL [ 5 v
e /e_pt [<C¢_¢V7}i,t7 fz’,t> + <Ci,t7 (%Uz’,tfz‘,t> + <Qi,ta Cit Vit — agtvi,t> (172)
0
+ <,Ui,t, _Vci_,ty_lvi,t> + <m~,t, VthCz‘V,t_lvi,t> dt =0 (173)
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Rearranging the term with the derivative

7 !<Czt, Uztfzt>]dt = 076ﬂtL/B/g‘i,t;)vi,tfi,tdbdel dt = (174)

/e_pt/ [Ci,tvi,tfi,t - /Ui,tfzt (g;tdb]d dt (175)
0 3 9B B
The strong form is:
—v 0 i —v 8Vz
Cip fit = fit—gp- C L+ oig <cl-,t - %’t) pigve; ) Tt 4 il =0 (176)
itfi =0 177
Gt (r7)

Since FOC wrt ¢ holds, the condition becomes

<c;t” B CH) Jie = pigveyy” ki e t=0 (178)

Git fit -

=0 (179)

Here I come back to the point that that the variations should be taken together. This means
that the boundary conditions for b = b should be satisfied as a sum, not separately from each
other. This means that the following should hold:

Combining the equation for p with constraint from value control one can get the following
conditions:

If biy # 0 at b=b, then fi; =0
= kit =0= i =0=0:=0 (180)
If by =0at b=>b, then f;; # 0 = p;; = 0. Using FOC [ from below:

cit lig 0Gt OViy Ny t0i€i iz
N L Tt I, 181
i(u*v ’)(% b Y (181)

7.6.4 Control over household labor

Weak form:

s T P

5T /6 ot |:<_S0lztvi,tafi,t> <Cm )\thz t€ztfzt> (182)
0

oV;
+ <Qi,ta ngZ Vit + AWy tEist abt > (183)
y—1 v _

+ </‘€i,t, Vi ¢ Ui,tCi7t> + 0y, (=0 (Vigeig, fir)) ] dt =0 (184)

o8



After rearranging, I get the strong form:

< ‘Plz + T AWigi g;t) fig + m,tle{lci”,t —nyibigiifiz =0

7.6.5 Control over wage

Weak form:

5L [ B aV;
W: pt[<§zt7 )\Utlzt5ztfzt> <ta7>\Utlzt€zt abt>

AVLE; v
+<Hita_ ; ’t>—77Tt(1—)\)9 Yt-l-ndte Ezt—i—nwt(ZHZ)]dt—O

Strong form:

0 i 0 7 A %
Gir JANGgirfie )+ 0itAlii€it, Wit _ Kit, it
ab ©

0b
Y, Y, é
_ 1— ..
nre (1 —A) = 20, +77dt9 +n tl/iet =0

7.6.6 Control over output

Weak form:
s W, b, W
1
g —pt _ 1—\) Lo, — 1— 22"ty =
5y / e [ﬂy,tvt N1t ( ) 0, Ut — Ndt ( 5 e 9, gvt+
0
Uy YZ Ut
— T — ——m|dt =0
+777r,tY27rt nn,tnytﬂt
Rearranging time variation:
oo oo 8
_ v _ v 1
/6 ptnw,t?tﬂ'tdt =e pt"?ﬂ,t?tﬂ't - vt@t 777rtY mpdt
t t
0 0 0
Strong form:
Wt 'lp 2 Wt 1 }ft 1
- 1—A) L — - AR A Y S S|
Nyt 77T,t( ) 0, "7d,t< 27Tt 0, ) = n ’tY}th

0 1 n i —0
Ot 777rtY P 777r,th7Tt =

Nr,0m0 = 0

29

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)

(193)

(194)

(195)



Which can be rearranged to

147 Y 4 1
— 1—-))— — L=om = s \n., T
Nyt 77T,t( ) 0, Md,t ( 27Tt 0, ) € Net Tt Y

Nr0m0 = 0
7.6.7 Control over inflation

Weak form:

oL [ Y, . Y,
g = e pt [ndiwﬂ't'vtéz + Nt (Ut — (Tf — }Q) ’Ut) ]dt =0
0

dt + €_pt777r7t?)t

o .
_ Y; Y, .
/6 P [Ud,twﬂtvtt — Nt (7”,15) - t) Ut — NtV + PtV
3 Y,
0 0
Strong form:
Y; Y; )
Tld7t¢7Ttgt — Nyt <T§ — ?Z — P) — TNt =0
Neo = 0
7.6.8 Control over real return
Weak form:
s T ac oV
—=[e " Lt yutbigfie ) + € 0its Utbi,til’t — NtV | dt = 0
orb ob ob
0
Git fithit by 0
Strong form:
o¢; oV;
<§Zb’tabz’,tfi,t> + <Qi,ta bz’,tagt> — Mgy =0
7.6.9 Control over transfers
Weak form:
Y ¢ oV
ST /e_pt ! <8;t,vtfi,t> + <Qi,tavt 8;t> + TIT,tUt] dt =0
0
Gitfit = 0
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=0

(196)

(197)

(198)

(199)

(200)

(201)

(202)

(203)

(204)

(205)

(206)



Strong form:

<§b7t7f’i,t> + <Q’i,t7 ab’t> + nre = 0 (207)

7.6.10 Control over dividends

Weak form:

oL _ [ | /06 Vi

od /e pt [< gbvt,?)t&“i,tfi,t> + <Qz',t, vtsi,t(%’t> + nd,t’ut] dt =0 (208)
0
H =0 209
Gt , o0
Strong form:
o Vi

<f‘§5t’€i’tfi’t> " <Qi’t’ 6i’t(‘azft> e =0 (210)
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